Quantum of area from gravitation on complex octonions by Köplinger, Jens
ar
X
iv
:0
81
2.
02
12
v1
  [
ph
ys
ics
.ge
n-
ph
]  
1 D
ec
 20
08
Quantum of area from gravitation on omplex otonions
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105 E Avondale Dr, Greensboro, NC 27403, USA
Abstrat
Using spin 1/2 partile elasti sattering on a xed target, in a 1/ |~x| potential on Eulidean metri, a minimum sattering ross setion
appears from the spin ontribution. Interpreted as semi-lassial limit of an earlier proposed operator formulation of four dimensional
Eulidean quantum gravity, using non-assoiative omplex otonion algebra, this is understood as an area quantum for the observation:
Existene of nite (quantized) harges yields a minimum area element of interation. This suggests that models built on the fundamental
assumption of a quantized area element (namely as in Loop Quantum Gravity) may in priniple approximate General Relativity in the
non-quantum limit.
1 Overview
This paper onnets to reent advanes towards quantum theory on otonioni algebra [1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16℄,
and supplies the result for lowest-order quantum gravitational Coulomb sattering of a spin-1/2 partile on a stati point target,
in a four dimensional Eulidean quantum gravity model on omplex otonions. The resulting elasti sattering ross setion
has properties that one might expet from gravity: Baksattering is enhaned, the ross setion does not vanish for inreasing
energies, and the general weakness of quantum gravitational interation poses hallenges for experimental validation.
A new eet also appears: The observed elasti sattering ross setion may not be smaller than a nite area element, whih
only depends on the harges of partile and target. It is onluded that a quantized harge implies a minimum area of interation
in this model, a quantum of area.
In priniple, this observation is onsistent with approahes to gravity on quantized length elements, namely Loop Quantum
Gravity, and it is pointed out that here it originates from a model that approximates General Relativity on the non-quantum
sale.
2 Spin 1/2 Coulomb sattering in lowest order
The gravitational elasti sattering ross setion dσ will be alulated in lowest order, for a massive spin 1/2 partile on a
stati target, as follows:
(1) Within the generally non-assoiative omplex otonion formulation of eletromagnetism and gravity, the irular Dira
equation from [9℄, equation (26), will be identied as the assoiative subalgebra, modeling four dimensional Eulidean
quantum gravity.
(2) A stati 1/ |~x| potential will be supplied aording to [11℄ equation (13), to yield the ross setion dσ without spin.
(3) The spin ontribution will be alulated, and shown to inrease baksattering. A spin-ip will not our.
(4) In order to quantify this eet for the experiment, the semi-lassial projetion from Eulidean into Minkowskian observer
spae-time geometry will be exeuted, aording to [10℄ proposition 4 (NatAliE equations).
(5) In the result, forward- and baksattering eets will be in qualitative agreement with General Relativity expetations.
The interation yields a minimum area element.
2.1 The assoiative operator on omplex otonions suitable for gravity
Complex otonions are otonions with omplex number oeients, C⊗O, and are synonymous with oni sedenions in some
of the referened publiations [18,19℄. In the urrent paper, terminology will be used that is more ommon with ontemporary
uses, i.e. omplex otonions (instead of oni sedenions), split-otonions (instead of hyperboli otonions), and otonions
(instead of irular otonions).
Complex otonions will be expressed to a basis bC⊗O := {1, i1, . . . , i7, i0, ǫ1, . . . , ǫ7}, where bO := {1, i1, . . . , i7} is a hosen
otonion basis, and the remaining elements {i0, ǫ1, . . . , ǫ7} result from multipliation with the ommutative and assoiative i0,
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i.e. {1, i0} ⊗ {1, i1, . . . , i7} ≡ C ⊗ O, with i20 = −1 and ǫ2n = +1. For a omplete multipliation table see e.g. [2℄ (table 1); for
otonion algebra in general see e.g. [17℄.
For a spin-1/2 partile of mass m, harge e, mixing angle α, in a eld eld Aµ (µ = 0 . . . 3), the terms from [11℄, relations
(17) through (23),
∇Q1 := (0, ∂0, 0, 0, 0, 0, 0, 0, 0, eA0, 0, 0, 0, 0, 0, 0) , (1)
∇Q2 := (0, 0, 0, 0, 0, ∂3,−∂2, ∂1, 0, 0, 0, 0, 0, eA3,−eA2, eA1) , (2)
∇ :=∇Q1 + exp (i0α)∇Q2, (3)
ΨQ1 :=
(
ψr0, ψ
i
0, ψ
r
1, ψ
i
1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0
)
, (4)
ΨQ2 :=
(
0, 0, 0, 0,−ψr2, ψi2, ψr3, ψi3, 0, 0, 0, 0, 0, 0, 0, 0
)
, (5)
Ψ :=ΨQ1 + exp (i0α) ΨQ2, (6)
allow to formulate an equation of motion of a spin-1/2 partile in a gravitational and eletromagneti eld as:
(∇−m)Ψ = 0. (7)
While this relation is in general non-assoiative, the ases α = ±nπ/2 (with n = 0, 1, 2, . . .) an be redued to assoiative matrix
expressions: α = π/2 (±nπ) beomes the Dira equation with eletromagneti eld, and α = 0 (±nπ) the proposed ounterpart
with gravitational eld. It is required to nd suh assoiative subalgebras within a generally non-assoiative formulation, beause
the non-assoiative parts of that formulation desribe unobservable parameters that annot be measured in priniple [3,4℄.
For all known partiles, the mixing angle α is most nearly α ≈ π/2 + m/e, i.e. it deviates from π/2 only in the order of
magnitude of the relative strength between gravitational and eletromagneti fore of that partile. For general α, however, all
three parameters (e, m, and α) are required to haraterize a partile: e beomes a generalized harge that is independent from
its type of interation (eletromagneti or gravitational), α parametriizes the type of interation, and m beomes the invariant
property
m = |p|= 4
√
E4 + |~p|4 + 2E2 |~p|2 (cos2 α− sin2 α), (8)
with E and ~p the Fourier oeients of t ≡ x0 and ~x respetively.
In order to alulate the eets from quantum gravity, the ase α = 0 will now be examined, to yield the irular Dira
equation from [9℄, relation (26), with eld Aν as
1
:
[
3∑
ν=0
βν (i∂ν − eAν)−m
]
Ψ = 0. (9)
The attribute irular refers to its underlying four-dimensional Eulidean spae-time, i.e.
1
2
(βµβν + βνβµ) = δµν , (10)
3∑
µ=0
3∑
ν=0
βµβνpµpν =
3∑
ν=0
p2ν = E
2 + |~p|2 = m2 (11)
Suh partile would only interat gravitationally, ould travel in exess of the speed of light, and is therefore hypothetial.
However, alulating its sattering ross setion allows to subsequently perform the semi-lassial projetion on a Minkowskian
observer, to model a realisti partile aording to the NatAliE Equations program from [10℄ proposition 4, and therofore to
ompare the predition with General Relativity.
1
All summations are spelled out, all indies are lower indies, and a metri tensor would be written expliitly if present. The hosen
notation avoids a potential ambiguity between Eulidean (δµν) and Minkowskian spae-time (ηµν).
2
2.2 Introduing a stati Coulomb potential
A stati Coulomb potential
A0 :=
Ze
|~x| Ai = 0 (i = 1, 2, 3) (12)
is introdued into (9), where Ze denotes the generalized harge of the entral partile, expressed in multiples of the inoming
partile's generalized harge e. The β matrix relations (10) and (11) are losely related to the eletromagneti ase, and allow
to obtain the transition matrix element Sfi in lowest order, for elasti sattering, aordingly as:
Sfi = im

d4xψ∗f
Ze
|~x|ψi (13)
Separating the spin eets into a fator U to be alulated later, the remaining parts of the wave funtions Ψ±
1/2, from [9℄
relations (20) through (23), have idential properties as in the eletromagneti ase, and yield in the textbook result:
Sfi =−i mZe
2
V
√
EiEf
U δ (Ei − Ef)

d3x ei~q~x
1
|~x| . (14)
Here, Ei and Ef denote the initial and nal energy of the partile being sattered, V is the unit volume of interation, and ~q
is the hange in momentum, ~pi − ~pf . The well-known result for suh 1/~x potential is:
dσ
dΩ
=
Z2e4m2
4 |~p|4 sin4 (θ/2) U
2. (15)
2.3 Spin ontribution
Introduing the spin ontribution to the irular Dira equation, on Eulidean spae-time m2 = E2 + |~p|2, requires the
normalized eigenstates of [9℄ relations (20) through (23). Coordinates are rotated suh that the inoming partile will be
travelling in x1 diretion, and sattering happens in the (x1, x2) plane. As the entire alulation is independent of the orientation
of the time axis, partiles Ψ±1 yield the same result as anti-partiles Ψ
±
2 .
For partiles, the normalized eigenstates beome:
|+〉 := u+
f/i =
√
m+ E
2m


1
0
0
(−p1 − ip2) / (m+ E)


|−〉 := u−
f/i =
√
m+ E
2m


0
1
(−p1 + ip2) / (m+ E)
0


(16)
Spin ip may not our, as expeted:
〈+|β0 |−〉=
(
u+f
)∗
β0u
−
i = 0 = 〈−|β0 |+〉 (17)
For unhanged spin |+〉 we have:
〈+|β0 |+〉=
(
u+f
)∗
β0u
+
i (18)
=
m+ E
2m
(
1− (pf,1 − ipf,2) (pi,1 + ipi,2)
(m+ E)
2
)
. (19)
In terms of total momentum |~p| and sattering angle θ, the relations
pf,1pi,1 + pf,2pi,2 = ~pf ~pi = |~p|2 cos θ, (20)
pf,1pi,2 − pf,2pi,1 = (~pf × ~pi)3 = − |~p|2 sin θ, (21)
yield:
(pf,1 − ipf,2) (pi,1 + ipi,2) = |~p|2 (cos θ − i sin θ) . (22)
Beause |〈+|β0 |+〉| = |〈−|β0 |−〉| due to symmetry, the total spin ontribution is:
3
U2 = |〈+|β0 |+〉|2 (23)
=
∣∣∣∣∣ (m+ E)
2 − |~p|2 (cos θ − i sin θ)
2m (m+ E)
∣∣∣∣∣
2
(24)
=
(m+ E)
4
+ |~p|4 − 2 (m+ E)2 |~p|2 cos θ
4m2 (m+ E)
2
. (25)
Using cos θ = 1− 2 sin2 (θ/2) and |~p|4 = (m2 − E2)2 = (m+ E)2 (m− E)2, this beomes:
U2 = 1
4m2
(
(m+ E)2 + (m− E)2 − 2 |~p|2
)
+
|~p|2
m2
sin2
θ
2
(26)
=
1
4m2
(
2m2 + 2E2 − 2 |~p|2
)
+
|~p|2
m2
sin2
θ
2
(27)
=
E2
m2
+
|~p|2
m2
sin2
θ
2
=
E2
m2
(
1 + |~v|2 sin2 θ
2
)
. (28)
The spin ontribution yields a signiant deviation from the eletromagneti ase, for this (hypothetial) interation on
purely Eulidean spae-time: Baksattering θ = π is enhaned (rather than suppressed), and inreasing kineti energy of the
inoming partile further enhanes the elasti ross setion (instead of reduing it).
It is noted, however, that no suh partile is known to exist, as it would be interating solely through gravitation (and
no other fore), and would not be bound to the speed limit of light, or Heisenberg unertainty. The following setion will
approximate how known partiles would be aeted by suh a fore.
2.4 Semi-lassial limit for omparison with General Relativity
Solving the omplex otonion equation of motion (7) in the general ase, for a spin 1/2 partile in eletromagneti and
gravitational elds, requires mathematial methods yet to be determined. Argumentation has been proposed in [1,2,3℄, that
traditional quantum mehanial observables result from the assoiative subalgebras of an otherwise non-assoiative, wider
algebrai spae. It therefore appears feasible to use above alulations, as obtained from an assoiative formulation on Eulidean
spae-time, and projet it onto the human observer spae-time, whih is Minkowskian.
This follows the same semi-lassial limit as exeuted in [10℄, termed the NatAliE equations program, whih was used there
to show that suh approah yields General Relativity for large bodies. There, it was shown in relation (58), that the projeted
1/ |~x| potential of a point mass m, at rest at the oordinate origin, would be seen by a Minkowskian observer with speed |~v|
relative to m:
h′00 =−2
m
|~x|
1 + |~v|2√
1− |~v|2
(29)
Namely, a fator
(
1 + |~v|2
)
/
√
1− |~v|2 needed to be applied to the stati 1/ |~x| potential, whih led to the linearized Einstein
eld equations for gravity.
Applied to the urrent alulations for spin 1/2 partile sattering, suh fator yields a transition matrix element that annot
be expressed anymore in losed form, as |~v|2 is a non-trivial funtion of spae and time. The exat expression of Sfi from relation
(14) above is:
Sfi|hyp =−i
mZe2
V
√
EiEf
U δ (Ei − Ef)

d3x ei~q~x

 1
|~x|
1 + |~v|2√
1− |~v|2

 . (30)
It is possible, however, to approximate this expression for non-relativisti |~v| and determine the resulting ross setion in
losed form, as will now be shown.
Using
1 + |~v|2√
1− |~v|2
≈ 1 + 3
2
|~v|2 +O
(
|~v|4
)
(31)
and the non-relativisti
4
|~v|2 ≈ 2
m
(
Ekin,i +
Ze2
|~x|
)
, (32)
(where Ekin,i is the initial kineti energy at |~x| → ∞), one an approximate:
1
|~x|
1 + |~v|2√
1− |~v|2
≈ 1|~x|
(
1 +
3Ekin,i
m
)
+
1
|~x|2
(
3Ze2
m
)
+O
(
|~v|4
)
. (33)
The 1/ |~x| Coulomb potential is enhaned by a small fator, and a new 1/ |~x|2 term is present. With 1/ |~q|2 being the Fourier
pair to 1/ |~x|, the expression
Sfi|hyp ≈ −i
mZe2
V
√
EiEf
U δ (Ei − Ef)

d3x ei~q~x
(
A
|~x| +
B
|~x|2
)
, (34)
A := 1 + 3Ekin
m
, (35)
B := 3Ze
2
m
, (36)
an be solved in losed form, to yield a ross setion:
dσ
dΩ
∣∣∣∣
hyp
= 4Z2e4m2
(
A2
|~q|4 +
B2
|~q|2
)
U2 (37)
=Z2e4m2
(
A2
4 |~p|4 sin4 (θ/2) +
B2
|~p|2 sin2 (θ/2)
)(
E2
m2
+
|~p|2
m2
sin2
θ
2
)
(38)
=
Z2e4
m2
[
A2 m
2E2
4 |~p|4 sin4 (θ/2) + C
2 m
2
|~p|2 sin2 (θ/2) +D
2
]
, (39)
with A, C,D dimensionless and:
C2 := A
2
4
+ B2E2, D2 := B2m2 = 9Z2e4. (40)
The eetive strenght of this eet an be estimated by replaing the generalized harges e and Ze with the respetive
partiles' masses.
2.5 Disussion of the result
Spin ontribution, as well as projetion from Eulidean geometry (governing gravity) into Minkowskian observer geometry,
in non-relativisti approximation, provide additional terms A2 and B2/ |~q|2 whih enhane baksattering. They also prevent
the total ross setion from vanishing at higher energies. These results are in qualitative agreement, e.g., with textbook results
from sattering of a non-quantum partile on a Blak Hole: Inreased baksattering is ommonly refered to as glory, and a
Blak Hole will always retain a nite area of apture of the inoming partile, no matter how large |~p| or E are.
A new eet is apparent when taking the spin ontribution into aount as well: Relation (39) ontains a onstant fator
D = 3Ze2, that is independent from the dynami parameters |~p|, E, and angular distribution θ. In other words, the observed
minimum (quantized) generalized harge e of a partile implies an observed minimum (quantized) area element, as any inoming
planar wave exp [i (~p~x± Et)] is uniformly sattered, independently of wave parameters |~p| and E.
The order of magnitude of the quantum of area, however, is disouragingly small. Introduing SI units, and replaing the
generalized harge e with partile masses m (inoming) and M (target) respetively,
Z2e4
m2
→ G
2M2
c4
, 9Z2e4 → 9G
2M2m2
~2c2
, (41)
G ≈ 6.674× 10−11 m
3
kg s2
, ~ ≈ 1.055× 10−34 kgm
2
s
, c ≈ 2.998× 108 m
s
, (42)
the expression for the quantum of area beomes:
dσ
dΩ
∣∣∣∣
area
=
9G4
~2c6
M4m2 ≈
[
2.21× 10−23 m
2
kg6
]
M4m2. (43)
5
In the example eletron me ≈ 9.109× 10−31 kg on proton mp ≡ M ≈ 1.673× 10−27 kg, this would approximate dσ/dΩ|area ≈
1.44 × 10−190m2, roughly orresponding to the area of a irle with radius 4 × 10−96m. This radius ompares to the Plank
length roughly the same as the Plank length ompares to the visible universe, and therefore safely removes the eet from
being aessible diretly, through any experiment.
3 Summary and outlook
In this paper, operator quantum gravity on four dimensional Eulidean spae-time has been evaluated, for elasti spin 1/2
partile sattering on a stati target, in lowest order. It was found that baksattering is enhaned, and that the ross setion does
not disappear for high energies. a minimum sattering ross setion appears, whih only depends on the interating partiles'
masses and harges. With all known matter urrently assumed to be built from spin 1/2 partiles, and elasti sattering in
lowest order arguably the most fundamental type of interation, this suggests that it is possible in priniple to build models of
quantum gravity on the assumption of a quantized area element, to yield General Relativity in the large body, non-quantum
limit.
Further investigation will determine whether an operator desription of fores other than gravity and eletromagnetism is
possible [4℄, whether otonioni spinors allow to model the fermion generations of the Standard Model [13℄, and how this may
relate to the symmetry groups used in lassial Quantum Field Theory [16℄.
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